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Noncentrosymmetric metals are anticipated to exhibit a dc photocurrent in the nonlinear optical
response caused by the Berry curvature dipole in momentum space. Weyl semimetals (WSMs) are
expected to be excellent candidates for observing these nonlinear effects because they carry a large
Berry curvature concentrated in small regions, i.e., near the Weyl points. We have implemented
the semiclassical Berry curvature dipole formalism into an ab initio scheme and investigated the
second-order nonlinear response for two representative groups of materials: the TaAs-family type-I
WSMs and MoTe2-family type-II WSMs. Both types of WSMs exhibited a Berry curvature dipole, in
which type-II Weyl points are usually superior to the type-I because of the strong tilt. Corresponding
nonlinear susceptibilities in several materials promise a nonlinear Hall effect in the dc field limit,
which is within the experimentally detectable range.
Introduction – The Weyl semimetal (WSM) [1–6]
is a topological state characterized by linear band
crossing points called Weyl points near the Fermi energy.
WSM materials such as the TaAs-family pnictides [7,
8] and MoTe2 [9, 10] have recently been discovered
primarily by observation of the unique Fermi arcs
of surface states through angle-resolved photoemission
spectroscopy [11–16]. Because Weyl points are monopole
sources or drains of the Berry curvature of Bloch
wave functions in momentum space, a WSM can
exhibit an anomalous Hall effect when breaking the
time-reversal symmetry (TRS) [17–19] or a spin Hall
effect [20], as a linear response to an external electric
field. Recent theoretical [21–30] and experimental [31–34]
studies have revealed giant nonlinear optical responses
in inversion-symmetry-breaking WSMs, such as the
photocurrent from the circular photogalvanic effect
(CPGE), second harmonic generation (SHG), and
nonlinear Hall effect. These nonlinear effects can be
much stronger in WSMs than traditional electro-optic
materials owing to the large Berry curvature [22, 35, 36].
Very recently, the semiclassical approach has been used
to describe the intraband contributions to CPGE and
SHG as a Berry phase effect [35, 36] by a geometric
quantity: the Berry curvature dipole (BCD) [22]. At the
dc limit, the photocurrent remains finite as a transverse
Hall-like current, i.e., a nonlinear Hall effect [22]. These
nonlinear effects originate from the intraband resonant
transitions at a low frequency in a noncentrosymmetric
metal. Although they have played an important role
in predicting topological materials and estimating their
linear-response properties, there is still a lack of ab initio
studies on the nonlinear optical effects of WSMs to
quantitatively reveal the role of the Weyl points in
realistic materials [31]. The nonlinear response is
usually computed with mixed interband and intraband
transitions for conventional semiconductors [37, 38], but
an ab initio scheme with the Berry phase formalism is
required to understand WSMs.
We studied the BCD of WSM materials, i.e.,
TaAs-family type-I and MoTe2-family type-II WSMs,
and estimated their nonlinear optical responses by
ab initio calculations combined with the semiclassical
approach. Both types of WSMs exhibit a large BCD
near the Weyl point that is orders of magnitude larger
than that of conventional materials. As a Fermi surface
property, the BCD favors tilted Weyl cones. Thus, the
type-II WSM is usually superior to the type-I WSM.
Further, we found that some small gap regions with
highly concentrated Berry curvature can also contribute
to a large dipole in the absence of Weyl points. We
made an order-of-magnitude estimate of the nonlinear
Hall effect for titled materials, which is experimentally
accessible.
Semiclassical theory – We first overview previous
theoretical work on the nonlinear optical response
described by the Berry curvature [22, 25, 35, 36]. For the
CPGE, the oscillating electric field Ec(t) = Re{Eceiωt}
of circularly polarized light induces a dc photocurrent
j (0) as a second-order nonlinear optical effect: j(0)a =
χabcEbE∗c . Similarly, the SHG is described by the
second-harmonic current response j (2ω)e2iωt to a linearly
polarized light, where j(2ω)a = χabcEbEc. At the dc limit
of a linearly polarized field, the nonlinear Hall effect is
characterized by a transverse current: ja = 2j
(0)
a |ω→0 =
2χabb|Eb|2. For a material with TRS, the nonlinear
response tensor σ has been theoretically obtained as
a Berry phase effect [35, 36] and very recently further
described by the BCD [22] as follows:
χabc = −εadc e
3τ
2~2(1 + iωτ)
Dbd (1)
Dbd =
∫
k
f0
∂Ωd
∂kb
, (2)
where Dbd is the BCD, Ωd is the Berry curvature, f0
is the equilibrium Fermi–Dirac distribution, τ refers to
the relaxation time approximation in the Boltzmann
equation, εadc stands for the third rank Levi–Civita
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2symbol, and ~ is the reduced Planck constant. Dbd is a
Fermi surface effect that is intrinsic to the band structure
and becomes dimensionless in three dimensions. We
define the BCD density in the k-space as dbd ≡ f0 ∂Ωd∂kb .
Because dbd is odd to the space inversion, Dbd vanishes
when inversion symmetry appears. While they were
obtained with the semiclassical theory, Eqs. 1 and 2 can
also be derived by a fully quantum theoretical treatment
with the Floquet formalism [25].
Ab initio calculation methods – We performed
ab initio density-functional theory (DFT) calculations
for the bulk materials and projected Bloch wave
functions to atomic-like local Wannier functions with the
full-potential local-orbital (fplo) program [39] within
the generalized gradient approximation (GGA) [40]. For
a material, we obtained the tight-binding Hamiltonian
Hˆ. Note that Hˆ inherits exactly all symmetries of
the system, which is crucial for accurate evaluation of
the BCD from the Berry curvature Ω in a differential
manner [41]. The Berry curvature [42] of the nth band
can be calculated according to Hˆ:
Ωna(k) = εabc2i
∑
m 6=n
< n|∂kbHˆ|m >< m|∂kcHˆ|n >
(n − m)2 , (3)
where n and |n > are eigenvalues and eigen wave
functions, respectively, of Hˆ at the momentum k. Ωna
runs over occupied bands in Eq. 2, where Ωd =
∑
n Ω
n
d .
Simple effective model of Weyl points – Before visiting
specific WSM materials, we investigated the BCD for
a simple Weyl Hamiltonian to reach a qualitative but
inspiring understanding:
HWeyl(q) = ~vtqtσ0 + ~vFq · σ, (4)
where q is the momentum with respect to the Weyl point,
σ is the Pauli matrix vector, vF is the Fermi velocity
of an isotropic Weyl cone without tilt, vt represents the
tilting velocity, and qt is the tilting momentum along the
tˆ direction. The tilt of the Weyl cone is characterized
by the ratio |vt/vF |, where |vt/vF | < 1 stands for a
type-I Weyl cone and |vt/vF | > 1 stands for a type-II
one. Because the Berry curvature is Ω(q) = q2q3 for the
lower cone, we can analytically obtain dxy, for example,
without loss of generality:
dxy =
∂Ωy
∂qx
=
3qxqy
2q5
. (5)
We note that Ω and dxy are independent of the tilt and
reverse sign for the upper cone. However, the shape of
the Fermi surface is sensitive to the tilt.
The dxy exhibits xy-type symmetry near the Weyl
point (Eq. 5), which resembles a “dxy-type” atomic wave
function in real space. For a type-I WSM, Dxy diminishes
when EF crosses the Weyl point because the integral of
dxy leads to zero owing to the xy-type symmetry. This
(a) Type-I (b) Type-I (titled) (c) Type-II 
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FIG. 1. The Weyl cones and the dipole moment
distribution of the Berry curvature. (a) A standard type-I
Weyl cone without tilting. The Fermi energy is indicated
by the horizontal plane and the Fermi surface is a circle.
Corresponding dipole moment of the Berry curvature is shown
in (d) near the Weyl point. (b) A type-I Weyl cone with a
slight tilting and corresponding dipole moment in (e). (c) A
type-II Weyl cone with a strong tilting and corresponding
dipole moment in (f). Near the Weyl point, the dipole
moment exhibits a symmetric kxky-type distribution when
the Fermi energy crosses a type-I Weyl point and thus, it
is summed to be zero as integrating over the k-space. In
(d) and (e), the circle with a shadow region indicates the
unoccupied bands that do not contribute to the integral of the
dipole moment. The blue and red colors show negative and
positive values of the dipole moment. In (f), the shadowed
regions stand for the unoccupied hole pocket and the occupied
electron band, both of which are deducted from the integral
of the dipole moment.
is fully consistent with the fact that Dxy vanishes as the
Fermi surface shrinks to a point at the Weyl point. When
EF lies either below or above the Weyl point, the Fermi
surface region is effectively subtracted from the sum over
the lower cone. If the type-I Weyl cone has no tilt (see
Fig. 1a), the Fermi surface is centered to the Weyl point.
Thus, dxy outside the Fermi surface region is still highly
symmetric and summed up to be zero. If the type-I Weyl
cone has a tilt along some arbitrary direction (see Fig.
1b), the Fermi surface center is shifted away from the
Weyl point. Consequently, dxy outside the Fermi surface
region becomes asymmetric, which leads to a nonzero
net Dxy. For a type-II Weyl cone (see Fig. 1c), the
Fermi surface naturally breaks the xy-type symmetries
of dxy and thus presents a nonzero Dxy. We can simply
summarize these optimal conditions for a large Dxy near
a single Weyl point: (i) For a type-I Weyl point, a
tilt is necessary, which is common for WSM materials.
Because dxy is highly concentrated near the Weyl point,
EF should stay close enough to the Weyl point. (ii) The
type-II Weyl point may exhibit large Dxy, even when
EF crosses it. Although the large tilt of Weyl points
was also predicted to generate photocurrents by Chan et
al. [29], they referred to the resonant transition between
occupied and empty bands of the Weyl cone, which is
different from the current finding in the low-frequency
3intraband transition.
Further, we point out that a pair of Weyl points
that are the Mx, My or TRS partners contribute the
same Dxy because dxy is even to Mx, My or TRS.
Therefore, multiple Weyl points related to TRS and
mirror symmetries multiply their contributions to the
BCD instead of compensating for each other.
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FIG. 2. Calculated Berry curvature dipole Dxy for TaAs.
(a) The Fermi energy (EF ) dependence of Dxy. EF = 0
corresponds to the charge neutral point. (b) The band
dispersions crossing a pair of Weyl points. Three types of
Weyl points, W1, W2 and W3, are shown. (c) The projection
of three types of Weyl points to the kxky plane by integrating
dxy over kz. The distribution of dxy at (d) EF = 0 and (e)
EF = 75 meV crossing W3. Red and blue represent positive
and negative values of dxy, respectively, in the arbitrary unit.
As insets, dxy distributions near some Weyl points are shown
in the kxky plane without integrating the kz direction.
Realistic materials – We investigated two
representative family of materials with inversion
symmetry breaking: (Ta, Nb)(As, P) as type-I
WSMs and (Mo, W)Te2 as type-II WSMs. For a
given material, the BCD tensor Dab shape can be
analyzed by considering the corresponding point group
symmetry [22]. For instance, TaAs-type compounds
belong to the C4v point group, where Mx and My
reflection symmetries exist. Because Ωx and kx are
even and odd, respectively, to Mx, dxx is odd to Mx,
so Dxx = 0. Similarly, Dyy = Dzz = 0. Because Ωz
and kx are odd and even, respectively, to My, dxz is
odd to My, so Dxz = 0. Likewise, we obtain only two
nonzero tensor elements Dxy and Dyx, which follow
Dxy = −Dyx. For (Mo, W)Te2 in the C2v point group,
we obtain two nonzero independent tenor elements: Dxy
and Dyx.
Because it is a Fermi surface property, the BCD relies
on the Fermi energy in the band structure. As shown
in Figs. 2a and 2b, Dxy of TaAs exhibits a sensitive
dependence on the Fermi energy. Two groups of type-I
Weyl points are known to exist owing to the crossings
between the top valence and bottom conduction bands:
four pairs of Weyl points, noted as W1 in the kz = 0
plane; and eight pairs of Weyl points, noted as W2 in
the kz ≈ pi/c plane (c is the lattice parameter along the z
axis). W1 and W2 lie 23 and 14 meV, respectively, below
the charge neutral point (EF = 0) (see Fig. 2b). This
is consistent with previous calculations and experimental
measurements [43]. Dxy shows a peak in magnitude when
EF is close to W1, while it reverses the sign without a
clear peak when EF approaches W2. Although Dxy is
zero as EF exactly meets the Weyl point, the induced
small Dxy region can be very narrow compared to the
energy sampling interval (0.1 meV in Fig. 2a). Thus, Dxy
does not necessarily show an apparent dip of amplitude
at W1 or W2. Because EF = 0 is slightly away from
the Weyl points, Dxy here is smaller in magnitude than
those near W1 or W2. Fig. 2d plots dxy projected to
the kxky plane. It is clear that dxy is mainly distributed
in the W1 and W2 regions near the Mx plane but not
theMy mirror plane. Note that dxy does not necessarily
follow the C4 rotational symmetry. When the vicinity of
W1 or W2 is magnified, a roughly xy-like distribution
and ellipse-like hollow region can be observed. Such
a hollow region corresponds to the Fermi surface that
surrounds a Weyl point. This is similar to the effective
deduction of the Fermi surface of a tilted Weyl cone,
as demonstrated in Fig. 1b. Another striking feature
is the large peak of Dxy at EF = 75 meV. At this
energy, we actually observed eight pairs of new Weyl
points (noted as W3) by the crossings between the lowest
and second-lowest conduction bands (see Fig. 2b). The
W3 Weyl points are located between W1 and W2 in the
momentum space and belong to type-II, as revealed by
their energy dispersions. The corresponding dxy indeed
presents hot spots near W3, similar to that shown in
Fig. 1c. This further confirms that type-II Weyl points
contribute a larger BCD than type-I Weyl points under
similar material conditions.
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FIG. 3. Berry curvature dipole for (a) MoTe2 and (b) WTe2
projected to the kxky plane for EF = 0. A Weyl point region
is magnified to demonstrate the type-II Weyl point feature.
We point out that the scale of the colorbar in (a) is one order
of magnitude larger than that in (b).
We now turn to the type-II WSMs: MoTe2 and WTe2.
In band structures, we obtained two pairs of type-II Weyl
points for MoTe2 and no Weyl point for WTe2 between
their conduction and valence bands, which is slightly
4different from the literature [9, 10]. This discrepancy
is caused by the subtle difference between different DFT
methods, as revealed in recent calculations [44, 45]. Here,
WTe2 serves an example of a non-WSM for the purpose
of comparison to a WSM. For MoTe2, we labeled the
Weyl points as W1. For W1 points located nearly at
EF = 0, Dxy indeed shows a peak here. Near W1, the
profile of dxy looks like two crossing lines, which is a
typical feature of the type-II Weyl point (see Fig. 3a). In
contrast, WTe2 exhibits a much smallerDxy than MoTe2.
Although some hot spots of dxy appear in Fig. 3b, they
are less focused and one order of magnitude smaller than
those of MoTe2.
TABLE I. The Berry curvature dipole calculated for Weyl
semimetal materials. The Fermi energy is set to the charge
neutral point. Only the nonzero tensor elements are listed for
a given material, which are dimensionless.
Material Dxy Material Dxy Dyx
TaAs 0.39 MoTe2 0.849 -0.703
TaP 0.029 WTe2 0.048 -0.066
NbAs -9.88
NbP 20.06
Discussion – Based on the results for TaAs, MoTe2
and WTe2, we verified these features of BCD as observed
in simple models. Weyl points induce a large BCD, and
type-II Weyl points usually contribute much more than
type-I Weyl points. A WSM possibly exhibits a much
stronger nonlinear response than an ordinary metal.
Furthermore, we reveal some new features of a BCD
when all six compounds in Table I are compared. It
is known that TaAs, TaP, NbAs, and NbP exhibit a
decreasing order of spin-orbit coupling (SOC), which
leads to a similarly decreasing order of the spin Hall
effect [20]. However, Dxy does not follow the same order
of SOC. NbAs and NbP show a much larger Dxy than
other materials, including MoTe2.
Take NbP as an example. Its W1 Weyl points (36
meV below EF = 0) present rather small Dxy because
they are type-I with a weak tilt. In contrast, its W2
points (26 meV above EF = 0) contribute a peak of
Dxy, as shown in Fig. 4a, because they are type-II
as revealed recently [46]. Although W1 and W2 still
fit the above understanding about Weyl points, there
are two large peaks of Dxy near EF = 0 where only
trivial Femi pockets exist [47], which implies unusual Dxy
contributions beyond Weyl points. We found that dxy is
dominantly distributed along theMx mirror plane (Fig.
4b). This can be rationalized by the distribution of the
Berry curvature Ωy. Ωy is odd to Mx and even to My.
Therefore, the Ωy gradient along kx, i.e., dxy = ∂Ωy/∂kx,
is large when crossing the Mx plane. Further, Ωy is
more concentrated in a small region very close to theMx
plane in NbP than in TaAs, which further enhances dxy in
EF (meV)
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FIG. 4. Berry curvature dipole for NbP for EF = 0. (a) The
energy dependent Dxy. W1 and W2 Weyl points lie below and
above the charge neutral point, respectively, as indicated. (b)
The dxy and (c) Ωy distributions at EF = 0. Both are shown
in arbitrary units.
NbP. Such a difference between NbP and TaAs originates
from their band structures of SOC. At the limit of zero
SOC, the valence and conduction bands each cross inside
a mirror plane, which gives rise to a mirror symmetry
protected nodal ring for the two systems. As the SOC
increases, the nodal ring is gapped out. Consequently,
the Berry curvature that caused by the entanglement
between the valence and conduction bands has a more
extended distribution in momentum space, as indicated
by Eq. 3. Therefore, TaAs, with a stronger SOC, exhibits
a much smaller BCD than NbP.
The sensitive Fermi surface dependence of the BCD
serves as a way to effectively tune the nonlinear response
in WSM materials. For example, both the carrier doping
and external pressure are known to engineer the Fermi
surface of these compounds (e.g., Refs. 10, 44, 48–50).
Finally, we developed a semi-quantitative estimation
of the nonlinear response for these materials. According
to Eq. 3, Dxy corresponds to χzxx and χxxz, and
Dyx corresponds to χzyy and χyyz. We considered
the nonlinear Hall effect, where the transverse Hall-like
current jz = 2χzxxE2x . The longitudinal current is
jx = σxxEx, and σxx is the ordinary conductivity. To
characterize the strength of the nonlinear Hall effect, we
can define the Hall angle as γ = jz/jx = 2(χzxx/σxx)Ex.
It is known that γ ∼ 10−3 for materials with the
usual anomalous Hall effect (see Ref. 51 for a review).
We assumed the relaxation time τ ∼ 10 ps and
σxx ∼ 106 Ω−1m−1 based on recent low-temperature
experiments (e.g., Refs. 52–56) and an electric field
Ex ∼ 102 V/m that is applicable for a physical property
measurement system in a laboratory. Then, we obtained
χzxx ∼ 10−1Dxy and γ ∼ 10−5 − 10−4 for Dxy in
5the range of TaAs, MoTe2, NbAs and NbP. Because γ
of the nonlinear Hall effect approaches 10% of that of
anomalous Hall systems, the nonlinear Hall effect can be
measurable for these WSM compounds.
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